Abstract. We construct an elliptic curve over the eld of rational functions with torsion group Z/2Z × Z/4Z and rank equal to 4, and an elliptic curve over Q with the same torsion group and rank 9. Both results improve previous records for ranks of curves of this torsion group. They are obtained by considering elliptic curves induced by Diophantine triples.
Introduction
A set {a 1 } , while the rst Diophantine quadruple in integers, the set {1, 3, 8, 120}, was found by Fermat(see [6] ). A long standing conjecture is that there does not exist a Diophantine quintuple (in non-zero integers) (see e.g. [21] ). In 1969, Baker and Davenport [2] proved that the Fermat's set {1, 3, 8, 120} cannot be extended to a Diophantine quintuple. The rst author proved in 2004 that there does not exist a Diophantine sextuple and there are only nitely many Diophantine quintuples (see [11] ). In this paper, we will consider elliptic curves of the form (1) y 2 = (ax + 1)(bx + 1)(cx + 1),
where {a, b, c} is a rational Diophantine triple. We say that the elliptic curve (1) is induced by the Diophantine triple {a, b, c}. By Mazur's theorem, there are at most four possibilities for the torsion group of such curves, namely, Z/2Z × Z/2Z, Z/2Z × Z/4Z, Z/2Z × Z/6Z and Z/2Z × Z/8Z, and in [12] it was shown that all these torsion groups indeed appear. The questions about the rank of elliptic curves induced by Diophantine triples have been considered in several papers. In [1] , a parametric family of elliptic curves induced by Diophantine triples with rank 5, and an elliptic curve over Q with rank 11 were constructed (improving previous similar results from [8, 12] ). These curves have torsion group Z/2Z × Z/2Z. Curves with larger torsion were studied in [12] . In particular, it was shown that every elliptic curve over Q with torsion group Z/2Z × Z/8Z is induced by a Diophantine triple (see also [3] ). Let us remark that the connections between Diophantine m-tuples and elliptic curves are twofold. In one direction, elliptic curves can be use to obtain general results on extension of Diophantine triples to quadruples, and quadruples to quintuples (see [10] ), and even to construct some rational Diophantine sextuples (see [13] ). In the other direction, Diophantine triples and quadruples are good ingredients in the search for high rank elliptic curves having as torsion group one of the non-cyclic groups in Mazur's theorem, as it is shown in [8, 9, 12] and in the present paper. In this paper, we study elliptic curves induced by Diophantine triples with torsion Z/2Z × Z/4Z. In [12] , such curves with rank r = 0, 1, . . . , 7 were constructed. Our purpose is not just to improve that result, but also to obtain elliptic curves over Q and over the eld of rational functions Q(t) with the largest known rank. The previous records were rank 8 over Q and rank ≥ 3 over Q(t).
We nd new examples of such curves over Q with rank 8 and one example with rank 9. Also, we construct a parametric family of elliptic curves with torsion group Z/2Z × Z/4Z and with rank ≥ 4. Moveover, we prove that its generic rank is equal to 4 and nd the generators of the Mordell-Weil group.
Rank 4 family
We consider elliptic curves with the torsion subgroup isomorphic to Z/2Z×Z/4Z. It follows from the 2-descent proposition (see [22, 4.2, p.85] ), that such curves have an equation of the form (2) 
Therefore, if we can nd a, b, c such that ac−ab and bc−ab are perfect squares, then the elliptic curve induced by {a, b, c} will have the torsion subgroup isomorphic to Z/2Z × Z/4Z. We may expect that this curve will have positive rank, since it also contains the point [ab, abc] . A convenient way to fulll these conditions is to choose a and b such that ab = −1.
. It remains to nd c such that{a, −1/a, c} is a Diophantine triple. We get the system (4)
Inserting ac
, we obtain
which has the parametric solution of the form
Inserting this in (3), after some simplications, we get (5)
Up the this point, we followed closely the approach from [12] . Now we force x = (τ + α)
2 (ατ − 1)(ατ + 1) to satisfy the equation (5), and we get the condition (6)
By [4, 10] , the solution of (6) is given by
On the other hand, by forcing x = (τ + α)(ατ − 1) 2 (τ − α) to satisfy (5), we get the condition (8)
We seek for a parametric solution of the system (6) and (8) . By our construction, this should give a family of elliptic curves with rank at least 3. However, we will show that the resulting family has rank 4. Motivated by some experimental data, we take v = 0, r = s + t + 1 and insert (7) in (8) . We get the quartic in s:
Since it contains the point [0, 2t
2 ], it can be transformed into the cubic:
Note that the point [4t 2 (3t 2 + 2t + 1), 4t 2 (t − 1)(3t + 1)(3t 2 + 2t + 1)] lies on (10). By transforming it back to the quartic (9), we get
Then we can easily compute: 
has rank ≥ 4 over Q(t). Indeed, it contains the points whose x-coordinates are
and a specialization, e.g. [20] ). Using this algorithm we can show that rank(E(Q(t))) = 4 and that the four points P 1 , P 2 , P 3 , P 4 are free generators of E(Q(t)). We will sketch the application of this algorithm (for a detailed example of such application see e.g. [15] ). To apply the algorithm, we write E in the form
with e 1 , e 2 , e 3 ∈ Z[t], and consider the factorization
where β ∈ Z and f i ∈ Z[t] are irreducible (of positive degree) and α i ≥ 1. Let t 0 ∈ Q. Assume that for each i = 1, . . . , l the integer square-free part of each of f i (t 0 ) has at least one prime factor that does not appear in the integer square-free part of any of f j (t 0 ) for j ̸ = i and does not appear in the factorization of β. Then the specialization homomorphism 
Examples of curves with high rank
In this section, we are searching for particular elliptic curves over Q with torsion group Z/2Z × Z/4Z and high rank. In [12] , several such curves, induced by Diophantine triples, with rank 7 were presented. In the above notation, they correspond to α = 2. Here we will search for such curves with τ and α of the form (7).
We will not only improve the result of [12] , but by nding a curve of rank 9, we will give the current record for all known elliptic curves with torsion group Z/2Z × Z/4Z. Previous records with rank 8, due to Elkies, Eroshkin and Dujella ( [16, 18] ), were found by dierent methods. In our search, we cover the range |r| + |s| + |t| + |v| ≤ 420. We use sieving methods, which include computing MestreNagao sums (see e.g. [25] ), Selmer rank (as implemented in mwrank [5] ) and Mestre's conditional upper bound [24] , to locate good candidates for high rank, and then we compute the rank with mwrank. In that way, we nd ve curves with rank 8, corresponding to the parameters (the details about these curves can be found on [14] ). Finally, we nd a curve with rank equal to 9, corresponding to the parameters (r, s, t, v) = (155, 54, 96, 106). The curve is induced by the Diophantine triple 
